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We present the results from an experimental study of the transfer of 
heat from a disk for a substantial temperature difference between the 
liquid and the disk, and for a change in the viscosity of the liquid 
over a wide range. 

The  p r o b l e m  of the  t r a n s f e r  of h e a t  f r o m  a ro t a t i ng  
d i sk  in a r e g i m e  of l a m i n a r  f low has  b e e n  dea l t  wi th  
by many  au tho r s  [1-141.  Without  c o n s i d e r i n g  the  in-  
f l u e n c e  of v i s c o u s  d i s s i p a t i o n  on the  t e m p e r a t u r e  d i s -  
t r ibu t ion ,  the  so lu t ion  of  the  t h e r m a l  and d i f fus ion  
p r o b l e m s  is  iden t i ca l .  If the t e m p e r a t u r e  d i f f e r e n c e  
be tween  the  l iqu id  and the  d i sk  is  not  too g r e a t ,  i . e . ,  
we can n e g l e c t  the  change  in dens i ty ,  v i s c o s i t y ,  and 
t h e r m a l  conduc t iv i ty  wi th  a change  in t e m p e r a t u r e ,  
the  quant i ty  of hea t  g iven  up by the  d i sk  is  e x p r e s s e d  
by the  equa t ion  [3] 

Q = a a s k~ 1/~ v -~/2 t~ (0) zX t, (1) 

w h e r e  

ao 
t ; ( 0 ) - ~ -  [j 'exp (Prt i } hd~ ) d ~  ] - 1  (2) 

0 0 

The i n t e g r a l  in (2), s o l v e d  n u m e r i c a l l y ,  has  b e e n  c a l -  
cu l a t ed  by m a n y  r e s e a r c h e r s .  Kibel  has  g i v e n  an exac t  
so lu t ion  fo r  P r  t = 1; M i l l s a p s  and P o h l h a u s e n  have  
g iven  an e x a c t  so lu t ion  fo r  v a l u e s  up to P r  t = 10. D o r f -  
m a n  [14] d e r i v e d  v a l u e s  of the  func t ion  f o r  c e r t a i n  
P r t  n u m b e r s  in the  i n t e r v a l  f r o m  0.1 to 100o S p a r r o w  
and G r e g g  c a r r i e d  out the  c a l c u l a t i o n  f o r  v a l u e s  of 

P r  t = 0.01, 0.1, and 1 - 1 0 0 ,  and they  a l so  p r e s e n t e d  
a p p r o x i m a t e  e x p r e s s i o n s  fo r  v e r y  s m a l l  and v e r y  l a r g e  
v a l u e s  of P r t :  

t, (0)= 0,88447 Prt as  Pr~--~0, (3) 

t~ (0) = 0.62048 Pr't/' as  Pr t --~ r (4) 

Cess  gave  the v a l u e s  of t[(0) fo r  P r  t = 0.02 and 0.04. 
Davis  c a l c u l a t e d  the  i n t e g r a l  f o r  a n u m b e r  of v a l u e s  

of P r  t in the  i n t e r v a l  f r o m  1 to 1000 and g a v e  the  ap-  
p r o x i m a t e  equa t ion  

1 

t; (0) = - -  __1 k Pr~ 4~, (5) 

w h e r e  k is a func t ion  of a [3, 7]. 
When o~ = 1, the  s a t i s f a c t o r y  a g r e e m e n t  wi th  the  

exac t  va lue  is  found fo r  the  c a s e  in wh ich  P r  t > 100, 
wh i l e  when  a = 0.67, the  a g r e e m e n t  i s  found in the  
i n t e r v a l  6 < P r t  < 500. A p p r o x i m a t e  have  b e e n  p r e -  
s e n t e d  in a n u m b e r  of o t h e r  r e f e r e n c e s  [8 -11] .  

At the  C o m p u t e r  C e n t e r  of the  U r a l s  State  U n i v e r -  
s i ty ,  the  v a l u e s  of the  func t ion  t i(0 ) w e r e  c a l c u l a t e d  
fo r  v a l u e s  up to P r  t = 50 (Tab le  1). In the  r e g i o n  of 
v a l u e s  P r t  > 5 the  func t ion  is  e x p r e s s e d  wi th  s a t i s f a c -  
t o r y  a c c u r a c y  by the  equa t ion  [15l 

t; (0) = 0.468 Pr ~ . (6) 

Having  subs t i t u t ed  (6) into (1), we obta in  

- 1 / 2  ~,  o a g ~  �9 ( 7 )  Q = 0.468n a s Lo~ 1/~ v ~'r t" a ~. 

(Equa t ions  (6) and (7) in [151 have  b e e n  e r r o n e o u s l y  
p r e s e n t e d  wi th  the  c o e f f i c i e n t  0.486.) 

The  e x p e r i m e n t a l  da t a  on hea t  t r a n s f e r  of a r o t a t i ng  
d i sk  a r e  few in n u m b e r  and a v a i l a b l e  only fo r  a i r  m e d i a  
[12,131. 

E a r l i e r  we i n v e s t i g a t e d  the  t r a n s f e r  of h e a t  f r o m  a 
d i sk  to w a t e r  and to a so lu t ion  of f e r r i c  c h l o r i d e  fo r  a 
t e m p e r a t u r e  d i f f e r e n c e  of 20 ~ b e t w e e n  the  d i sk  and the  
l iqu id  [15]. The  r e s u l t i n g  data  c o r r e s p o n d e d  to Eq. (1). 
A change  in the  d i r e c t i o n  of t he  hea t  f low and the  i m -  
pos i t i on  of d i f fus ion  e x e r t e d  no s i g n i f i c a n t  i n f luence  on 
the  c o e f f i c i e n t  of hea t  t r a n s f e r .  In v i s c o u s  l iqu ids ,  

g i v e n  a l a r g e  t e m p e r a t u r e  d i f f e r e n c e ,  we  would  e x p e c t  
tha t  s u c h  an e f f ec t  would  be  no t i ceab l e ,  s i n c e  f r o m  

Tab le  1 

The  Value of the  Func t ion  tl(0) as  a F u n c t i o n  of t~rt 

Pr t t I (0) Pr t t I (0) Pr t ] t I (0) Pr t t I (0) 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

t I (0) Pr t 

--0.397 11 
--0,566 12 
--0.683 13 
--0,776 14 
--0.854 15 
--0.922 16 
--0.982 17 
--1.038 18 
--1.088 19 
--1,135 20 

i--1.179 
--1,220 
--1,259 
--1.296 
--1,331 
--1,365 
--1.398 
--I,429 
--1,459 
--1.488 

21 --1.515 i 
22 --1.543 
23 --1,569 
24 --1.594 
25 --1.619 
26 --1.643 
27 --1.667 
28 --1.690 
29 --1.712 
30 --1.734 

31 --i.756 
32 --1.777 
33 --1,797 
34 --1.817 
35 --1.837 
38 --1.856 
37 --1,875 
38 --1.894 
39 --1.912 
40 --1.930 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

--1.948 
--I. 966 
--1,983 
--2,000 
--2.016 
--2.033 
--2.049 
--2.065 
--2,081 
--2,096 
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T h e r m o p h  

Liquid 

m 

96% solution of 
H2SO4 

50% solution of 
glycerin 

98.5% solution 
of glycerin 

/ s i c a l  

Tem- 
pera- 
ture, 

~ C 

25 
60 

25 
47.5 
70 

15 
42.5  
70 

T a b l e  2 

Proper t ies  o f  the  Liquids Used in Hea t  Measu remen t s  on  a Disk 

Dynamic vis- 
cosity, N �9 
�9 S e c / m  2 * 

�9 1 0  -3 

19 .96- -24 ,5  
6 , 3 2 - -  8 ,5  

5.1 
2 .65 
1 . 4 2  

2030 
251 

50,8 

Density, 
kg/m 3 �9 
o 10 -3 

1.83 
1.796 

1.124 
1.113 
1.103 

1.26 
1.243 
1.226 

Kinematic vis- 
cosity, m 2 / 
/sec�9 10 -6 

10 .9 - -13 .4  
3 , 5 2 - -  4.73 

4,54 
2.38 
1 , 2 9  

1610 
202 

41.5 

Heat capacity, 
J/(kg �9 deg) 

o 103 

I . 3 4 - - 1 . 5  
1,5 

3 ,4  
3.36 
3.31 

2.33 
2,44 
2,46 

Thermal con- 
ductivity, 
W/m �9 deg 

O. 27- -0 .33  
0 ,34 - -0 .42  

0,424 
0.437 
0.455 

0.288 
0,293 
0.297 

Prandtl 
number 

81.5--137 
2 2 , 5 - - 3 7 . 7  

41 
20,4 
10.34 

16410 
1950 
419 

T a b l e  3 
t 

Rela t ive  Dev ia t ions  of  h (0 )  f rom the  Exac t  Values  Acco rd ing  to A p p r o x i m a t i o n  Equa-  

t ions  

Values of t~(O) 

According to Eq. (7) 
According to Eq. (5), a = 0.67 

According to Eq. (5), c~ = 1.0 

According to Eq. (4) 

15,2 
41.7 

27,8 

27.8 

1,4 
3 .8  

18.3 

18.4 

A%, for Pr T 

10 

0 ,4  
2 .2  

15.1 

15.2 

I00 

2,1 
1.1 

5 .6  

5 .9  

500 

6 ,6  
5 ,5  

1,8 

1.4 

1000 

9 ,5  
7 .2  

1,1 

1 . 4 5  

T a b l e  4 

M a x i m u m  Rela t ive  Dev ia t ions  o f  tl(9) f rom the  Exact  Values  on  the  Basis 

o f  E x p e r i m e n t a l  Data  

Heat transfer 

to a 50% solu- [ to a 96% solution ~ to a 98.5% solu- 
to water tion of clycerin[ of sulfuric acid tion of glycerin 

A1, % + 2 1 . 1  + 7 , 2  @19 
- -  8 .7  - - 9 , 0  - - 6 , 6  

+ 9 . 8  +41 + 6 5 . 4  + 1 8 . 3  + 3 0 , 4  
- - 9 . 5  - -35  --29.9 - -  7 .5  - -  8 .7  

I) Cooling; It) heating 
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~ tO + 

30 

20 

t0  

o 3 

�9 4' / 
/ 

2 /  

+ - . / . f j  
2.. 

r /  

0 /0 2O 

Fig. 1. Heat transfer from disks of 
steel 20 ( W t / m  2 �9 deg) to 96 percent 

acid (n. rprn; U,, rad/see):  1 and 1') 
heat flux from Eq./7) at 60"C; 2 and 
2') the same at 25"C; 3) tl = 60"C 

and t d = 25"C; 4) t l = 25"C and td = 
80"C. 

Q.IO + 

5oi 

4,0 �9 - - 3  

+ - - 5  

3 0  �9 - -  7 

�9 - - 8  
v - - 9  

20  

+S 
0 

/ a  

zo 2o 30 V;q 

I 

o 3 6 9 v-~ 

Fig. 2. Heat transfer from copper disks 

to 50 percent (1-4) and 98.5 percent (5- 
9) glycerine (n, rpm; w, rad/sec):  1, 2) 

t d -- 70~ t l = 25~ 3, 4) td = 25~ t l = 
q0~ 5, 6, q) td = 70~ t l = 25~ 8, 9) 

t d = 15~ t l = 70~ 2, 4, 5, 8) tempera-  
ture recordings at ~ ree  points; 7) the 

same with smaller liquid volume. 
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Fig. 3. Heat  transfer to l iquid  according to c a l c u l a t i o n  I) accura te  values of  the 

funct ion ti(0); II) according to Eq. (7); III) according to Eq. z5), a = 0.67; IV) ac -  

cording to Eqs. (4) and (5), c~ = 1.0; V) according to Eq. (3) and expe r imen ta l  

data  for water;  1) td = 50"C, t l = 30"C, PrT = 3.6; 2) td = 30"C, tr = 50"C, PrT = 

5.4; for 50 percent  g lycer ine ;  3) td = 70"C, t l = 25"C, Pr t 10.34; 4) td = 25"C; 

t l = ?0*C, Pr T = 41; for 98.5 percent  g lycer ine  5) td = 70"C, t l = 15"C, Pr T = 

419; 6) td = 15"C, t l = 70"C, PrT = 16410; for 96 percent  H2SO 4 7) t d = 60"C, 

t l = 2 5 . C ,  PrT = 2 2 . 7 ;  8) td =25 .C ,  t 1 =60"C,  Pr T = 8 1 . 5 .  
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among all  the p roper t i es  of a l iquid  it is v iscosi ty  that 
changes most  markedly  with t empera tu re  [16]. 

To study the t r a n s f e r  of heat f rom a disk to a v i s -  
cous liquid we chose a 96% solut ion of H2SO4, and 50% 
and 98% solutions of g lycer in ,  whose thermophys ica l  
p roper t ies  are  given in Table 2. The const ruct ion  of 
the i n s t rumen t  and the method for the m e a s u r e m e n t  of 
the heat flow were  desc r ibed  e a r l i e r  in [15]. 

Because of the grea t  sca t t e r  in the handbook data 
on the proper t ies  of sul fur ic  acid, the s t ra ight  l ines 
in Fig. 1 show the values of the heat flow calculated 
from Eq. (7) with the ex t remal  values for u, k, P r  O 
etc. The exper imenta l  points lie near  the s t ra ight  
l ines which cor respond to the m i n i m u m  values for 
the p a r a m e t e r s  of the liquid. We note the influence of 
the heat-flow direct ion:  the t r a n s f e r  of heat f rom 
heated disks is g r ea t e r  t han f rom those that are  cooled. 

The resu l t s  f rom experiment~ on the t r ans f e r  of 
heat to g lycer in  also suggest  that the d i rec t ion of the 
heat flow affects its magnitude (Fig. 2). The exper i -  
menta l  points lie c lose r  to the continuous l ines that 
r ep r e sen t  the heat flow as a function of the velocity of 
disk rotation,  when the p a r a m e t e r s  of the liquid that 
cor respond to the disk t empera tu re  a re  subst i tu ted 
into Eq. (7). The broken l ines a re  plotted for the t em-  
pe ra tu re  which r ep re sen t s  the mean  between the t em-  
pe ra tu res  of the liquid and the disk~ 

The grea tes t  sca t te r ing  of data was found in exper i -  
ments  involving the heating of a 98.5 % solut ion of gly-  
cer in ,  probably due to the weak mixing of the viscous 
solution by the rotat ing disk. In order  to improve the 
mixing, a s m a l l e r  quantity ( smal le r  by 30%)of g lycer in  
was taken in some of the exper iments .  The g lycer in  
t empera tu re  was subsequent ly  m e a s u r e d  at three  points 
that exhibited the g rea tes t  difference with respect  to mix-  
ing conditions, and we calculated the average heat flow. 

F igure  3 shows the exper imenta l  data in the coordi-  
nates lg t1(0) - lg Pr  t. We calculated the function t~(0) 
f rom Eq. (1). The t empera tu re  of t hed i skwas  assumed 
to be decisive.  The broken line cor responds  to the exact 
values  of the function t'i(0); the s t ra ight  l i n e s w e r e  der ived 
f romthe  approximate equations (3)-(5) and (7). Table 3 
gives the re la t ive  deviat ions oft'2(0) from the exact values  
onthe bas i s  of these approximate equations.  The approxi-  
mate equations of Sparrow and Gregg (4) and of Davis (5) 
for ~ = 1 are v i r tua l ly  coincident. The express ion  for 
t'l(0 ) der ived from the Sundheim [11] equation also coin-  
cide with the above-ment ioned equations.  The Davis equa- 
t ion for ~ = 0.67 is close to Eq. (7). 

Table 4 shows the re la t ive  deviations of ti(0) f rom 
the exact values on the bas is  of exper imenta l  resu l t s .  
In the case of the 98.5% so lu t ionofg lycer in ,  we ca r r i ed  
out a compar i son  of the values for ti(0) der ived  f rom 
Eq. (7). The g rea tes t  sca t t e r  was found in the case of 
heat t r ans f e r  to sul fur ic  acid to a 98.5% solution of 
g lycer in  (heating) i . e . ,  30-65 %. Inthe remain ing  cases ,  
the deviations ranged from 6.6 to 21%. Over the en t i re  
invest igated range of values for Pr  t, the exper imenta l  
sca t te r  encompasses  the difference between the exact 
and approximate values of t'l(0). 

The der ived resu l t s  pe rmi t  us to draw the following 
conclusions.  The heat flow from the disk can be cal-  

culated theore t ica l ly  in the case of a subs tant ia l  t em-  
pe ra tu re  difference between the liquid and the disk and 
if there  is a change in the viscosi ty  of the liquid over a 
wide range.  The imposi t ion of diffusion onto the heat-  
t r a n s f e r  p rocess  exer ts  no s ignif icant  influence. For  
liquids whose v iscos i ty  is close to that of water ,  the 
d i rec t ion  of the heat flow need not be taken into con-  
s iderat ion.  With an inc rease  in the viscosi ty ,  the 
affect of the heat-flow di rec t ion becomes more  p ro -  
nounced and it  becomes  neces sa ry  to take it into con-  
s idera t ion  in the calculat ions ,  which can be done by 
subst i tut ing the values of the p a r a m e t e r s  of the liquid 
at the t empera tu re  of the disk into the  equations.  

NOTATION 

Q is the heat flux; a is the disk radius;  k and ~ a re  
the the rmal  conductivity and kinemat ic  v iscos i ty  of 
the liquid; w is  the angular  velocity of disk rotation; 
At is the t empera tu re  difference between disk and 
liquid; Pr  t is the Prandt l  number ;  A is the re la t ive  
deviation of the function t'i(0) f rom accura te  values in 
approximate equations,  %; A i is the re la t ive  deviat ion 
of t1(0) in exper imenta l  data f rom accura te  values,  %; 
t d is the disk t empera tu re ;  tl  l iquid t empera tu re .  
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